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Dirichlet $L$ $L$ 1










1. $P(x)$ (self-reciprocal polynomial)
$P(x)=x^{n}P(1/x)(n=\deg P)$
$P(x)= \sum_{i=0}^{n}c_{i}x^{n-i} (c_{0}\neq 0)$
$0\leq i\leq n$ $c_{i}=c_{n-i}$
[12,13]
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$2g$ $P_{g}(x)$
$2g$
$P_{g}(x)= \sum_{k=0}^{g-1}c_{k}(x^{2g-k}+x^{k})+c_{g}x^{g} (c_{0}\neq 0, c_{i}\in \mathbb{R}, 0\leq i\leq g)$
$(g+1)$
$\underline{c}=(c_{0}, c_{1}, \cdots, c_{g})\in \mathbb{R}^{g+1} (c_{0}\neq 0)$
co $=1$
$c_{0}=1$
$q>1$ $\underline{c}=(c_{0}, c_{1}, \cdots, c_{g})\in \mathbb{R}^{g+1}$ $($ co $\neq 0)$




( ). $(2g+1)\cross(2g+1)$ $1\leq n\leq 2g$
$(2g+1)\cross(2g+1)$







1. $(\Delta_{1}(\underline{c}), \cdots, \triangle_{2g}(c))$ $q>1$ $\det(E_{q}^{+}(\underline{c})-E_{q}^{-}(\underline{c})\sqrt{}n)=0$
$\Delta_{n}(\underline{c})=\infty$













2. $q>1$ $\underline{c}=$ $(c_{0}, c_{1}, \cdots , c_{g})\in \mathbb{R}^{g+1}(c_{0}\neq 0)$
$P_{g}(x)= \sum_{k=0}^{g-1}c_{k}(x^{2g-k}+x^{k})+c_{g}x^{g}$






3. $\underline{c}=(c_{1}, \cdots, c_{g})$
$\lim_{q^{\omega}arrow 1+}\triangle_{n}(\underline{c};q^{\omega})=\triangle_{n}(\underline{c})$
$1\leq n\leq 2g$










3.1. [10] $\zeta(s)$ Riemann
$\xi(s)=\frac{1}{2}s(s-1)\pi^{-s}\Gamma(s/2)\zeta(s)$
$\omega>1/2$ $E^{\omega}(z)$ $:= \xi(\frac{1}{2}+\omega-iz)$
de Branges $B(E^{\omega})$ de Branges ([1, 5])
$B(E^{\omega})$ $I\subset \mathbb{R}$






Burnol [2] $\omega>1$ $H_{\omega}(a)$ $H_{\omega,a}$
Fredholm
(3.1) $H_{\omega}(a)=$ diag $(( \frac{\det(1-H_{\omega,a})}{\det(1+H_{\omega,a})})^{2},$ $( \frac{\det(1+H_{\omega,a})}{\det(1-H_{\omega,a})})^{2})$ $(a\in I=[1, \infty))$
$\det$ Riemann
$0<\omega\leq 1$
[10] $H_{\omega}$ , $\xi(s)$
$H_{\omega}(a)$ $\omega$ $a$ $\omega$ 1
(
)





$\xi(\frac{1}{2}-iz)=\int_{1}^{\infty}\phi(x)(x^{iz}+x^{-iz})\frac{dx}{x}=\lim_{Tarrow\infty}\lim_{qarrow 1+}\log q^{L\frac{1\circ gT}{\sum_{k=0}^{\log q}}\rfloor}\phi(q^{k})(q^{ikz}+q^{-ikz})$
(3.2)
$( \phi(x)=\frac{1}{2}\sqrt{x}\frac{d}{dx}(x^{2}\frac{d}{dx}\sum_{n\in \mathbb{Z}}\exp(-\pi n^{2}x^{2})))$
$2g$ $P_{g}(x)(\in \mathbb{R}[x])$ $q>1$
$A_{q}(z)=q^{-giz}P_{g}(q^{iz})$
$\xi(\frac{1}{2}-iz)$ $\xi(\frac{1}{2}+\omega-iz)$ $A_{q}(z+i\omega)$




$H_{A,\omega}$ [1, $q^{g})$ $q>1$

















[12] 11 12 [13]
$ _{}-$ ,





$\frac{1}{2\pi i}\int_{c-i\infty}^{c+i\infty}\overline{\frac{\xi(\frac{1}{2}+\omega-i\overline{z})}{\xi(\frac{1}{2}+\omega-iz)}}x^{-\frac{1}{2}-iz}dz$ $(c>0$ $+$ $)$
$\xi(s)$ Riemann











$H_{A}(a)$ $H_{A,\omega}(a)$ $\omegaarrow 0^{+}$ $(!)$ ([12, Theorem
2.9] $)$ . (3.4)
([12, Theorem 2.4, 2.7]). $\xi(\frac{1}{2}-iz)+\xi’(\frac{1}{2}-iz)$
de Branges $H_{\xi}(a)$
7 $\sim$8








$H_{A}(a)=$ diag $((g \log q)\frac{\det(1-H_{q}(\underline{c})J_{n-1})\det(1-H_{q}(\underline{c})J_{n})}{\det(1+H_{q}(\underline{c})J_{n-1})\det(1+H_{q}(\underline{c})J_{n})},$
(3.5)
$(g \log q)^{-1}\frac{\det(1+H_{q}(\underline{c})\sqrt{}n-1)\det(1+H_{q}(\underline{c})J_{n})}{\det(1-H_{q}(\underline{c})\sqrt{})\det(1-H_{q}(\underline{c})\sqrt{})})$
















$2\lambda_{j}\in \mathbb{R}(1\leq i\leq g)$ $P_{g}(x)$
Chebyshev $Q_{g}(x)$ [$6$ , Definition 2] $P_{g}(x)$
$|\lambda_{j}|<1(1\leq j\leq g)$ $\lambda_{i}\neq\lambda.$
$J$
$(i\neq j)$ $Q_{g}(x)$ $(-2,2)$
$(\lambda_{1}, \cdots, \lambda_{g})=(\lambda_{1}(\underline{c}), \cdots, \lambda_{g}(\underline{c}))$
$g$ $\triangle_{n}(\underline{c})$
:






$\triangle_{2}(c_{0}, c_{1}, c_{2}, c_{3})=\frac{(1-\lambda_{1})+(1-\lambda_{2})+(1-\lambda_{3})}{(1+\lambda_{1})+(1+\lambda_{2})+(1+\lambda_{3})},$
$\triangle_{3}(c_{0}, c_{1}, c_{2}, c_{3})=3\frac{(1-\lambda_{1}^{2})+(1-\lambda_{2}^{2})+(1-\lambda_{3}^{2})}{(\lambda_{1}-\lambda_{2})^{2}+(\lambda_{1}-\lambda_{3})^{2}+(\lambda_{2}-\lambda_{3})^{2}},$
$\triangle_{4}(c_{0}, c_{1}, c_{2}, c_{3})=\frac{\sum_{1\leq i<j\leq 3}(1-\lambda_{i})(1-\lambda_{j})(\lambda_{i}-\lambda_{j})^{2}}{\sum_{1\leq i<j\leq 3}(1+\lambda_{i})(1+\lambda_{j})(\lambda_{i}-\lambda_{j})^{2}},$
$\triangle_{5}(c_{0}, c_{1}, c_{2}, c_{3})=3\frac{\sum_{1\leq i<j\leq 3}(1-\lambda_{i}^{2})(1-\lambda_{j}^{2})(\lambda_{i}-\lambda_{j})^{2}}{\prod_{1\leq i<j\leq 3}(\lambda_{i}-\lambda_{j})^{2}},$
$\Delta_{6}(c_{0}, c_{1}, c_{2}, c_{3})=\frac{(1-\lambda_{1})(1-\lambda_{2})(1-\lambda_{3})}{(1+\lambda_{1})(1+\lambda_{2})(1+\lambda_{3})}.$
( $\triangle_{1}(\underline{c})=1$ $n=1$ )






$\Delta_{n}(X;q^{\omega})$ Weil $Z_{X}(s)$ Riemann 2
$0<\triangle_{n}(X;q^{\omega})\neq\infty(1\leq n\leq 2g, \omega>0)$
$S=(s_{i,j})$ $m$ $|s_{i},\ovalbox{\tt\small REJECT}\cdot|\leq 1$
$P_{S}(x)= \sum_{k=0}^{m}\{\sum_{|I|=k}\ldots\prod_{I,j\in J}s_{i,j1X^{k}}$
$m$ Ising
$m=2g$ $q>1$ $(x)$ $\triangle_{n}(\underline{c};q^{\omega})$
$\Delta_{n}(S;q^{\omega})$ Lee-Yang 2 $0<\triangle_{n}(S;q^{\omega})\neq\infty(1\leq n\leq 2g,$
$\omega>0)$
Weil Lee-Yang
$\triangle_{n}(X)$ $\triangle_{n}(S)$ Weil Lee-Yang
$\underline{c}\in \mathbb{R}^{g+1}$ $\triangle_{n}(\underline{c})$ $\triangle_{n}(\underline{c};q^{\omega})$
5.
1 2013 3
[14] 10 1 [14]
$P(x)\in \mathbb{C}[x]$ $P(x)$ self-
inversive $( , P(x)=x^{\deg P}P(1/\overline{x}))$ $P’(x)$
(Cohn [3]). $P(x)$ self-inversive $P(x)$






4. $Q(x)=a_{0}x^{n}+a_{1}x^{n-1}+\cdots+a_{n}$ ( ) $n$
$2n\cross 2n$ $D_{n}(Q)$ $Q$ $Q^{\#}$ :
$D_{n}(Q)$ $n$ $2n$ $n$ $2n$ $2(n-1)\cross 2(n-1)$ $D_{n-1}(Q)$
$D_{n-1}(Q)$ $D_{n-2}(Q)$
$D_{2}(Q)=\{\begin{array}{llll}a_{0} a_{1} a_{n} a_{0} a_{n-1} a_{n}\overline{a}_{n} \overline{a}_{n-1} \overline{a}_{0} \overline{a}_{n} \overline{a}_{1} \overline{a}_{0}\end{array}\}, D_{1}(Q)=\{\begin{array}{ll}a_{0} a_{n}\overline{a}_{n} \overline{a}_{0}\end{array}\}$
$Q(x)$
$1\leq k\leq n$ $(-1)^{k}\det D_{k}(Q)>0$
Proof. [14, \S 75] 4, 5, Marden [7, \S 43, Th. $(43,1)$ , Exercise 2; \S 45,
Exercise 3]
4 $Q(x)=P_{g}’(x)$ $P_{g}(x)$















[1] $L$ . de Branges, Hilbert spaces of entire functions, Prentice-Hall, Inc., Englewood Cliffs, N.J. 1968.
[2] $J$ .-F. Bumol, Scattering, determinants, hyperfunctions in relation to $\Gamma(1-s)/\Gamma(s)$ , Rejecta Math-
ematica 2 (2011), no. 1, 59-118, http: $//$arxiv. $org/abs/math/0602425$
[3] A. Cohn, \"Uber die Anzahl der Wurzeln einer algebraischen Gleichung in einem Kreise, Math. $Z.$
14 (1922), no. 1, 110-148.
[4] Hurwitz
66-90, No.1060, RIMS, 1998.
[5] J. C. Lagarias, Hilbert spaces of entire functions and Dirichlet $L$-functions, $P\succ$ontiers in number
theory, physics, and geometry. $I,$ $365-377$ , Springer, Berlin, 2006.
[6] P. Lakatos, On zeros of reciprocal polynomials, Publ. Math. Debrecen 61 (2002), no. 3-4, 645-661.
[7] M. Marden, Geometry of polynomials, Second edition, Mathematical Surveys, No. 3,
American Mathematical Society, Providence, R.I., 1966.
[8] M. Suzuki, On subspaces of the Hardy space related to zeros of zeta functions,
-
[9] –, On monotonicity of certain weighted summatory functions associated with L–functions,
Comment. Math. Univ. St. Pauli, 60 (2011), no. 1-2, 211-226.
[10] –, $A$ canonical system of differential equations arising from the Riemann zeta-function,
Functions in Number Theory and Their Probabilistic Aspects, 397-436, RIMS $K6kyuroku$
Bessatsu, B34, Res. Inst. Math. Sci. (RIMS), Kyoto, 2012.
[11] –, -
176-185, No.1806, RIMS, 2012.
$[12|-$ , On zeros of self-reciprocal polynomials, http: $//$arxiv. $org/abs/1211.2953.$
[13] –, On zeros of self-reciprocal polynomials. II,
http: $//1^{P}WW$ .math. $t$ itech.ac. $jp/^{\sim}msuzuki/$ index.html
[14] 1965.
134
